We reanalyze deep inelastic scattering data of BCDMS Collaboration by including proper cuts of ranges with large systematic errors. We perform also the fits of high statistic deep inelastic scattering data of BCDMS, SLAC, NM and BFP Collaborations taking the data separately and in combined way and find good agreement between these analyses. We extract the values of both the QCD coupling constant α s (M 2 Z ) up to NLO level and of the power corrections to the structure function F 2 . The fits of the combined data for the nonsinglet part of the structure function F 2 predict the coupling constant value α s (M 
Introduction
The deep inelastic scattering (DIS) leptons on hadrons is the basical process to study the values of the parton distribution functions which are universal (after choosing of factorization and renormalization schemes) and can be used in other processes. The accuracy of the present data for deep inelastic structure functions (SF) reached the level at which the Q 2 -dependence of logarithmic QCD-motivated and power-like ones may be studied separately (for a review, see the recent papers [1, 2] and references therein).
In the present article we analyze at the next-to-leading (NLO) order 1 of perturbative QCD the most known DIS SF F 2 (x, Q 2 ) taking into account SLAC, NMC, BCDMS and BFP experimental data [4] - [10] . We stress the power-like effects, so-called twist-4 (i.e. ∼ 1/Q 2 ) contributions. To our purposes we represent the SF F 2 (x, Q 2 ) as the contribution of the leading twist part F pQCD 2 (x, Q 2 ) described by perturbative QCD and the nonperturbative part (twistfour terms ∼ 1/Q 2 ):
The SF F pQCD 2 (x, Q 2 ) obeys the (leading twist) perturbative QCD dynamics including the target mass corrections (TMC) (and coincides with F tw2 2 (x, Q 2 ) when the target mass corrections are withdrawn).
The Eq.(1) allows us to separate pure kinematical power corrections, i.e. TMC, so that the functionh 4 (x) corresponds to "dynamical" contribution of the twist-four operators. The parameterization (1) implies 2 that the anomalous dimensions of the twist-four operators are equal to zero, that is not correct in principle. Moreover, there are estimations of these anomalous dimensions (see [11] ). Meanwhile, in view of limited precision of the data, the approximation (1) and one in the footnote 2 give rather good predictions (see discussions in [12, 13] ).
Contrary to standard fits (see, for example, [14, 15] ) when the direct numerical calculations based on Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) equation [16] are used to evaluate structure functions, we use the exact solution of DGLAP equation for the Mellin moments M tw2 n (Q 2 ) of SF F tw2 2 (x, Q 2 ):
and the subsequent reproduction of F f ull 2 (x, Q 2 ), F pQCD 2 (x, Q 2 ) and/or F tw2 2 (x, Q 2 ) at every needed Q 2 -value with help of the Jacobi Polynomial expansion method [17] - [19] (see similar analyses at the NLO level [18] - [21] and at the NNLO level and above [22] - [27] ).
The method of the Jacobi polynomial expansion was developed in [17, 18] and described in details in Refs. [19] . Here we consider only some basical definitions in Section 3.
The paper has the following structure: in Section 2 we present basic formulae, which are needed in our analyses: we consider different types of Q 2 -dependence of SF moments, effects of nuclear corrections and heavy quark thresholds, the structure of normalization of parton densities in singlet and nonsinglet channels. In Section 3 we introduce the basic elements of our fits. Sections 4 and 5 contain conditions and results of several types of fits with the nonsinglet and singlet evolutions for different sets of data. In Section 6 we study the dependence of the results on choice of factorization and renormalization scales. In Section 7 we summarize the basic observations following from the fits and discuss possible future extensions of the analyses.
Q dependence of SF and their moments
In this section we analyze Eq.(1) in detail, considering separately different types of Q 2 -dependence of structure function F 2 .
2.1
The leading-twist Q 2 dependence
To study the Q 2 -dependence of the SF F tw2
, which splits explicitly into the nonsinglet (NS) part and the singlet (S) one, it is very useful to introduce parton distribution functions (PDF) 3 : gluon one f G (x, Q 2 ) and singlet and nonsinglet quarks ones f S (x, Q 2 ) and f N S (x, Q 2 ). The moments M N S n (Q 2 ) and M S n (Q 2 ) of NS and S parts of SF F 2 (see Eq. (2) for definition) are connected with the corresponding moments of PDF f i (x, Q 2 ) (hereafter i = NS, S, G)
in the following way (see [28] , for example)
and C tw2 i
(n, a s (Q 2 )) are so-called Wilson coefficient functions. We have introduced here also the coefficients
which come from definition of SF F 2 (see, for example, [28] ). Here f is the number of active quarks and e 2 m is charge square of the active quark of m flavor.
2.1.1
The dependence of a s (Q 2 ) is given by the renormalization group equation, which in the NLO QCD approximation reads:
3 Our PDF are multiplied by x to compare with standard definition. 4 Sometimes the last term
2 ) we will call as gluon part of singlet moment and denote it as M The equation (6) allows us to eliminate the QCD parameter Λ QCD from our analysis. However, sometimes we will present it in our discussions, essentially to compare it with the results of old fits. The coupling constant a s (Q 2 ) is expressed through Λ QCD (in MS scheme, where Λ QCD = Λ MS ) as
The relation between the normalization a s (M 2 Z ) and the QCD parameter Λ QCD can be obtained from Eq. (7) with the replacement Q 2 → M 2 Z . We would like to note that the approximations of Eq. (7), based on the expansion of inverse powers of ln Q 2 /Λ
MS
are very popular. The accuracy of these expansions for evolution of a s from O(GeV 2 ) to M 2 Z may be as large as 0.001 [13] , which is comparable with the experimental uncertainties of the α s (M 2 Z ) value extracted from the data (see our analyses in Sections 4 and 5).
Note also that sometimes (see, for example, [22] ) the equation
is used in analyses. This equation can be obtained from the basic equation
by expansion of inverse QCD β-function in r.h.s. of (9) 1/β(a s ) in powers of a s . The difference between Eqs. (8) and (7) (i.e. from Λ MS at f active quark flavors to Λ MS at f ± 1 active quark flavors), because β 0 and β 1 are f -dependent functions, we use formulae at NLO approximation from Ref. [29] (see discussions in the subsection 2.4).
The coefficient functions
where the NLO coefficients B i (n) are exactly known (see, for example, [28] ). The Q 2 -evolution of the moments f i (n, Q 2 ) is given by the well known perturbative QCD [28, 30] formulae:
The functions H N S (n, Q 2 , Q 2 0 ) and H ± j (n, Q 2 , Q 2 0 ) are nonzero above the leading order (LO) approximation and may be represented as
where
As usually, here we use γ
jl (n) as the first and the second terms with respect to a s of anomalous dimensions γ N S (n, a s ) and γ jl (n, a s ) (see, for example, [35] ).
2.1.3
In this subsection, we would like to discuss a possible dependence of our results on the factorization scale µ F and the renormalization scale µ R , which appear (see, for example, [14, 36] ) because perturbative series are truncated. These scales µ
can be added to the r.h.s. of the equations (3) and (11), respectively. Then, the equations (3) are replaced by
The equations (11) are replaced correspondingly by
The coefficientsĈ N S ,Ĉ S ,Ĉ G ,Ĥ N S andĤ ± j can be obtained from the ones C N S , C S , C G , H N S and H ± j by modification in the r.h.s. of equations (10), (14) and (15) as follows: in Eq. (10)
in Eqs. (14) and (15)
The Eqs. (21) can be obtained easily using, for example, the results of [37] . The Eqs. (23) can be found from the expansion of the coupling constant a s (k F k R Q 2 ) around the one a s (Q 2 ) in the r.h.s. of the exact solution of DGLAP equations (see Eqs. (19) and (13)).
The changes (21) and (23) of the results for Q 2 -dependence under variation of k F and k R (usually 6 from 1/2 to 2) give an estimation of the errors due to renormalization and factorization scale uncertainties. Evidently that, by definition, these uncertainties are connected with the impact of unaccounted terms of the perturbative series and can represent theoretical uncertainties in values of fitted variables. Indeed, an incorporation of NNLO corrections to the analysis strongly suppress these uncertainties (see [39, 40] ).
We study exactly the µ F and µ R dependences here for fitted values of coupling constant. The results of the study are given in the Section 6.
As one can see in Eqs. (20) and (22) , the coupling constant a s has different arguments in the NLO corrections of coefficient functionsĈ N S andĈ j (j = S, G) and in the NLO correctionsĤ N S andĤ ± j of the Q 2 -evolution of parton distributions. We would like to note that the difference between the corresponding coupling constants a s (k F Q 2 ) and a s (k F k R Q 2 ) is proportional to a 2 s and, thus, mathematically negligible in our NLO approximation. Then, we can use the replacement (22) in coefficient functions too, as it has been done in previous studies [38, 39, 40, 27] . We note that the replacement (20) increases slightly the factorization scheme dependence of the results for coupling constant (see analyses based on nonsinglet evolution and discussions in Section 6). 6 In the recent articles [38, 39, 40, 26 ] the variation from 1/4 to 4 has been used. In our opinion, the case k F = k R = 4 leads to very small scale of coupling constant: Q 2 /16, that requires to reject many of experimental points of used data, because we have the general cut Q 2 > 1 GeV 2 . So, we prefer to use the variation of scales from 1/2 to 2.
Normalization of parton distributions
The moments f i (n, Q 2 ) at some Q 2 0 is theoretical input of our analysis which is fixed as follows.
For fits of data at x ≥ 0.25 we can work only with the nonsinglet parton density and use directly its normalizationf N S (x, Q 2 0 ) (see, for example, [22] - [26] ):
At the analyses at arbitrary values of x we should introduce the normalizations for densities of individual quarks (q = u, d, s, ...) and antiquarks (q = u, d, s, ...)f q (x, Q 2 0 ) andf q (x, Q 2 0 ) having the moments:
The distributions of u and Moreover, following [28, 41] we suppose equality of all sea parts and mark their sum as S(x, Q 2 0 ). We use the following parameterizations for densities
where B(a, b) is the Euler beta-function. The parameterizations (26) have been chosen to satisfy (at the normalization point Q 2 0 ) the known rule:
is the distribution of valent quarks. We note that the nonsinglet and singlet parts of quark distributionsf N S (x, Q 
7 We do not consider here the term ∼ x aNS(Q where the r.h.s. of Eq. (29) is correct only in the framework of our supposition about equality of antiquarks distributions and sea components of quark ones.
In principle, following the PDF models used in [15, 12] and above Eq.(24) one can add in Eq. (27) terms proportional to √ x and x. However, the terms ∼ √ x are important only in the region of rather small x (see discussion in [12] ). The terms ∼ x lead only to replacement of C i , a i and b i values (see, for example, [42] ). Thus, we neglect these terms in our analysis.
In the most our fits we do not take into account also the terms ∼ x
into gluon and sea quark distributions, because we do not consider experimental data at small values of Bjorken variable x 8 . We hope to include H1 and ZEUS data [43, 44] in our future investigations [45] and then to study Q 2 -dependence of the coefficients a G (Q 2 ) and a S (Q 2 ), which could be very nontrivial (see, for example, Refs. [46, 48, 43, 32] and references therein).
We impose also the condition for full momentum conservation in the form:
The coefficients 
Target mass corrections
The target mass corrections [49, 28] modify the SF F N S 2 (x, Q 2 ) in the following way
where M nucl is the mass of the nucleon, r = 1 + x 2 M 2 nucl. /Q 2 and the Nachtmann variable ξ = 2x/(1 + r).
In our analyses below, we will use all this (32) representation 9 . We would like to keep the full value of kinematic power corrections, given by nonzero nucleon mass. Then, the excess of 1/Q 2 dependence encoded in experimental data will give the magnitude of twist-four corrections, which is most important part of dynamical power corrections. f +1 will be close to ones in [38, 39] . We note, that the difference between nonsinglet and singlet Q 2 -dependences comes from contribution of gluon distribution. The contribution is negligible at x > 0.3 that supports qualitatively the choice (34) as the matching point. 10 Following [55] in this subsection we use the form α s (Q 2 ; f ) for the coupling constant with purpose to demonstrate its f -dependence through the ones of β 0 and β 1 coefficients. 11 The corresponding moments at any Q 2 value are proportional to same coefficient K N S (f ). Thus, the coefficient can be always taken up by the normalization M N S n (Q 2 0 ). 12 We will not take into account a small variation (see [56] ) of the continuity condition (33) because of the matching point (35) .
We would like to note also, that at NLO approximation and above, the situation is even more difficult in singlet case, because every subprocess generates itself matching point M f +1 to coefficient functions. To estimate a possible effect of a dependence on matching point, we will fit data (in Section 3) with two different matching points: (34) one and (35) one. Surprisingly, at the singlet case, where all functions coming to Q 2 -evolution are f -dependent, we do not find a strong f -dependence of our results (see Section 5 and discussions there).
Nuclear effects
Starting with EMC discovery in [57] , it is well known about the difference between PDF in free hadrons and ones in hadrons in nuclei. We incorporate the difference in our analyses.
In the nonsinglet case we parameterize the initial PDF in the form (24) for every type of target. We have
and A = H, D, C and F in the case of H 2 , D 2 , C 12 and F e 56 targets, respectively. In the singlet case we have many parameters in our fits, which should be fitted very carefully. The representations similar to (38) for gluon and sea quark PDF should complicate our analyses. To overcome the problem, we apply the Eqs. (37) and (38) only to H 2 and D 2 cases. For heavier targets we apply simpler representations for F A 2 structure functions in the form:
where we use experimental observation 13 (see [60] and references therein) about approximate
Higher-twist corrections
For n-space eq.(1) transforms to
where h 4 (n, Q 2 ) are the moments of the functionh 4 (x, Q 2 ):
The shapeh 4 (x) (or coefficients h 4 (n)) of the twist-four corrections are of primary consideration in our analysis. They can be chosen in the several different forms:
• the twist-four terms (and twist-six ones) are fixed in agreement with the infrared renormalon (IRR) model (see [61, 62, 1, 2] and references therein).
• The twist-four term in the form [30] and references therein). This behavior matches the fact that higher twist effects are usually important only at higher x. The twist-four coefficient function has the form C der 4 (n) = (n − 1)A der 4 .
• The twist-four termh 4 (x) is considered as a set free parameters at each x i bin. The set has the formh f ree 4
, where I is the number of bins. The constantsh 4 (x i ) (one per x-bin) parameterize x-dependence ofh f ree 4 (x).
The first two cases have been considered already in [21] and will be studied carefully later [45] . Here we will follow the last possibility 14 .
Fits of F 2 : procedure
To clear up the importance of HT terms we fit SLAC, NMC, BCDMS and BFP experimental data [4] - [10] (including the it systematic errors), keeping identical form of perturbative part at NLO approximation.
In the Section we demonstrate the basic ingredients of the analyses.
As it has been already discussed in the Introduction we use the exact solution of DGLAP equation for the Mellin moments
2 ) at every needed Q 2 -value with help of the Jacobi Polynomial expansion method. The method of the Jacobi polynomial expansion was developed in [17, 18] and described in details in Refs. [18] . Here we consider only some basical definitions.
Having the QCD expressions for the Mellin moments
where Θ a, n are the Jacobi polynomials 15 and a, b are the parameters, fitted by the condition of the requirement of the minimization of the error of the reconstruction of the structure functions 16 (see Ref. [18] for details).
First of all, we choose the cut Q 2 ≥ 1 GeV 2 in all our studies. For Q 2 < 1 GeV 2 , the applicability of twist expansion is very questionable.
Secondly, we choose quite large values of the normalization point Q 2 0 . There are several reasons of this choice:
• Our above perturbative formulae should be applicable at the value of Q • It is necessary to cross heavy quark thresholds less number of time to reach Q 2 = M 2 Z , the point of QCD coupling constant normalization.
14 In conclusion we present, however, several comments about an application of higher-twist corrections in the form of IRR model. 15 We would like to note here that there is similar method [63] , based on Bernstein polynomials. The method has been used in the analyses at the NLO level in [64, 37] and at the NNLO level in [65, 27] . 16 There is another possibility to fit data. It is possible to transfer experimental information about structure functions to their moments and to analyze directly these moments. This approach was very popular in the past (see, for example, Ref. [66] ) but it is used very rarely at present (see, however, [67] and references therein) because a transformation of experimental information to the SF moments is quite a difficult procedure.
• It is better to have the value of Q 2 0 around the middle point of logarithmical range of considered Q 2 values. Then at the case the higher order corrections
Basic characteristics of the quality of the fits are χ 2 /DOF for SF F 2 and for its slope dlnF 2 /dlnQ 2 , which has very sensitive perturbative properties (see [28] ). As these fits involve many free parameters independent of perturbative QCD, it is important to check whether, in the results of the fits, the features most specific to perturbative QCD are in good agreement with the data. The slope dlnF 2 /dlnQ 2 has really very sensitive perturbative properties and will be used (see the Figs. 4-8 and 10-12) to check properties of fits. Indeed, the DGLAP equations predict that the logarithmical derivations of SF and PDF logarithms are proportional very nearly to coupling constant α s (Q 2 ) with an x-dependent proportionality coefficient that depends (at x > 0.2) only weakly on the x-dependence of the SF and PDF. Thus, the study of the Q 2 -dependence of the slope dlnF 2 /dlnQ 2 leads to obtain the direct information about the corresponding Q 2 -dependence of QCD coupling constant and to verify the range of accuracy for formulae of perturbative QCD.
We use MINUIT program [68] for minimization of two χ 2 values:
We would like to apply the following procedure: we study the dependence of χ 2 /DOF value on value of Q 2 cuts for various sets of experimental data. The study will be done for the both cases: including higher twists corrections (HTC) and without them.
We use free normalizations of data for different experiments. For the reference, we use the most stable deuterium BCDMS data at the value of energy E 0 = 200 GeV 17 . Using other types of data as reference gives negligible changes in our results. The usage of fixed normalization for all data leads to fits with a bit worser χ 2 .
4
Results of fits of F 2 : the nonsinglet evolution part
Firstly, we will consider the Q 2 -evolution of the SF F 2 at the nonsinglet case where there are the contributions of quark densities only and, thus, the corresponding fits are essentially simpler. The consideration of the nonsinglet part limits the range of data by the cut x ≥ 0.25. At smaller x-values the contributions of gluon distribution is not already negligible.
Hereafter at nonsinglet case of evolution we choose Q We use also N max = 8, the cut 0.25 ≤ x ≤ 0.8. The N max -dependence of the results has been studied carefully in Ref. [18] (see also below the Table 3 ).
BCDMS C
We start our analysis with the most precise experimental data [7, 8, 9] obtained by BCDMS muon scattering experiment at the high Q 2 values. The full set of data is 607 points (when x ≥ 0.25). The starting point of QCD evolution is Q [14] 18 . Although in some recent papers (see, for example, [12, 13, 69] ) more higher values of α s (M 2 Z ) have been observed, we think that an additional reanalysis of BCDMS data should be very useful.
Based on study [70] (see also [71, 69] ) we propose that the reason for small values of α s (M 2 Z ) coming from BCDMS data is the existence of the subset of the data having large systematic errors. Indeed, the original analyses of H 2 , D 2 and C 12 data performed by BCDMS Collaboration lead to the following value of QCD mass parameter (see Refs. [7, 8, 9] :
i.e. the systematic error is four times bigger than the statistical one. Hereafter the symbols "stat" and "syst" mark the statistical error and systematic one, respectively. We study this subject by introducing several so-called Y -cuts 19 (see [70] and subsections 4. The correlated systematic errors of the data have been studied in [70] , together with the other parameters. Regions of data have been identified in which the fits cause large systematic shifts of the data points. We would like to exclude these regions from our analyses.
We have studied influence of the experimental systematic errors on the results of the QCD analysis as a function of Y cut3 , Y cut4 and Y cut5 applied to the data. We use the following xdependent y-cuts:
We use several sets N of the values for the cuts at 0.5 < x ≤ 0.8, which are given in the Table 1 . The systematic errors for BCDMS data are given [7, 8, 9] as multiplicative factors to be applied to F 2 (x, Q 2 ): f r , f b , f s , f d and f h are the uncertainties due to spectrometer resolution, 18 We would like to note that the paper [14] has a quite strange result. beam momentum, calibration, spectrometer magnetic field calibration, detector inefficiencies and energy normalization, respectively.
For this study each experimental point of the undistorted set was multiplied by a factor characterizing a given type of uncertainties and a new (distorted) data set was fitted again in agreement with our procedure considered in the previous section. The factors (f r , f b , f s , f d , f h ) were taken from papers [7, 8, 9] (see CERN preprint versions in [7, 8, 9] ). The absolute differences between the values of α s for the distorted and undistorted sets of data are given in Table  2 and the Fig. 1 as the total systematic error of α s estimated in quadratures. The number of the experimental points and the value of α s for the undistorted set of F 2 are also given in the Table 2 From the Table 2 and the Fig. 1 we can see that the α s values are obtained for N = 1 ÷ 6 of Y cut3 , Y cut4 and Y cut5 are very stable and statistically consistent. The case N = 6 reduces the systematic error in α s by factor 1.8 and increases the value of α s , while increasing the statistical error on the 30%.
After the cuts have been implemented (in this Section below we use the set N = 6), we have 452 points in the analysis. Fitting them in agreement with the same procedure considered in the previous Section, we obtain the following results:
where hereafter the symbol "norm" marks the error of normalization of experimental data. Thus, the last error (±0.0011 to α s (M 2 Z )) comes from difference in fits with free and fixed normalizations of BCDMS data [7, 8, 9] having different values of energy.
So, for the fits with NS evolution of BCDMS data [7, 8, 9] with minimization of systematic errors, we have the following results:
Here total experimental error is squared root of sum of squares of statistical error, systematic one and error of normalization. The value of α s (M Following to [18, 19] , we study the dependence of our results on the N max value. The full set of data is 452 points. The Q 2 -evolution starts at Q 2 0 =90 GeV 2 . As it can be seen in the Table 3 , our results are very stable, that is in very good agreement with [18] . 
For illustration of importance of 1/Q 2 corrections we fit the data in the following way.
First of all, we analyze the data applying only perturbative QCD part of SF F 2 , i.e. F tw2 2 . Later, we have added 1/Q 2 corrections: firstly, target mass ones and later twist-four ones. As it is possible to see in the Table 4 , we have the very bad fit, when we work only with twist-two part F tw2 2 . The agreement with the data is improved essentially when target mass corrections have been added. The incorporation of twist-four corrections leads to very good fit of the data. Neglect of systematic errors deteriorates twice our results. We combine the statistical and systematic errors in quadrature. 
where the symbols P , D and F denote the parameters of parameterizations for proton, deuteron and iron data, respectively. We note that the values of the coefficients are close to ones obtained in other numerical analyses (see [12, 13, 26, 27] and references therein). The values of b l N S (l = P, D, F ) are in quite good agreement with quark-counting rules of Ref. [72] . There is also good agreement with theoretical studies [73, 42] . Table 5 . The values of the twist-four terms. The values of parameters of twist-four term are given in the Table 5 . We would like to note that the twist-four terms for H 2 and D 2 data coincide with each other with errors taken into account. It is in full agreement with analogous analysis [14] .
We obtain the following results (at χ 2 (F 2 ) = 250, χ 2 (slope) = 6.1 on 7 points): So, the fits of SLAC, NMC and BFP data based on the nonsinglet evolution give for coupling constant:
which corresponds to the following value of QCD mass parameter:
where the error connected with the type of normalization of data are included already to systematic error.
Looking at the results obtained in two previous subsections we see good agreement (within existing errors) between the values of the coupling constant α s (M 2 Z ) obtained separately in the fits of BCDMS data and ones in the fits of combine SLAC, NMC and BFP data (see Eqs. (45)- (47) and (49)- (51)). Thus, we have possibility to fit together all the data that is the subject of the following subsection.
SLAC, BCDMS, NMC and BFP data
We use the following common x-cut: x ≥ 0.25 and Y cut with N = 6 (see the Table 1) for the BCDMS data. After these cuts have been incorporated, the full set of data is 797 points. The starting point of QCD evolution is Q 2 0 = 90 GeV 2 .
The results of fits.
We verify here the range of applicability of perturbative QCD.
To do it, we analyze firstly the data without a contribution of twist-four terms, i.e. when F 2 = F pQCD 2
. We do several fits using the cut Q 2 ≥ Q 2 cut and increase the value Q 2 cut step by step. We observe good agreement of the fits with the data when Q 2 cut ≥ 10 GeV 2 (see the Table 6 ). Later we add the twist-four corrections and fit the data with the usual cut Q 2 ≥ 1 GeV 2 . We have find very good agreement with the data. Moreover the predictions for α s (M 2 Z ) in both above procedures are very similar (see the Table 6 and Fig. 2) . 
The values are in good agreement with ones presented in previous subsection. Then all discussions given there can be applied here. Table 7 . The values of the twist-four terms. The Table 7 contains the value of parameters of the twist-four term. As it was in the previous subsection, the twist-four terms for H 2 and D 2 data coincide with each other with errors taken into account that is in agreement with [14] .
So, the analysis of combine SLAC, NMC, BCDMS and BFP data are given the following results:
• When HT corrections are not included and the cut of Q 2 is 10 GeV 2 at the free normalization 
Thus, as it follows from nonsinglet fits of experimental data, perturbative QCD works rather well at Q 2 ≥ 10 GeV 2 .
The study of threshold effects.
Here we would like to study threshold effects in Q 2 -evolution of SF F 2 . Note that at NLO level in nonsinglet case the coefficient function of F 2 and anomalous dimension do not depend on the number n f of active quarks. Then, the our study of the threshold effects in Q 2 -evolution of SF F 2 is exactly equal to the investigation of a role of threshold effects in the QCD coupling constant α s (Q 2 ). To study the threshold effects we consider two types of possible thresholds of heavy quarks:
f . First type of thresholds has appeared when a heavy quark with the mass m f takes a possibility to be born. The second one lies close to the position of "Euclidean-reflected" threshold of heavy quarks. It should play a significant role (see [55] ) in the α s (Q 2 )-evolution.
A.
Let thresholds appear at Q 2 f = 4m 2 f . Then we split the range of the data to three separate ones:
• The Q 2 values are between 1 GeV 2 and 10 GeV 2 , where the number n f of active quarks is 3.
• The Q 2 values are between 10 GeV 2 and 80 GeV 2 , where the number n f of active quarks is 4.
• The Q 2 values are above 80 GeV 2 , where the number n f of active quarks is 5. The results are shown in Table 8 . The average α s (M 2 Z ) value can be calculated and it has the following value:
B. Let thresholds appear at Q 2 f = m 2 f . Then we split the range of the data to two separate ones:
• The Q 2 values are between 2.5 GeV 2 and 20.5 GeV 2 , where the number n f of active quarks is 4.
• The Q 2 values are above 20.5 GeV 2 , where the number n f of active quarks is 5. The results are shown in Table 9 . The average α s (M 2 Z ) value can be calculated and it has the following value:
Thus, we do not find a strong dependence on exact value of thresholds of heavy quarks. The theoretical uncertainties due to threshold effects can be estimated for α s (M 
The results of the analyses based on nonsinglet evolution
Thus, using the analyses based on NS evolution of the SLAC, NMC, BCDMS and BFP experimental data for SF F 2 we obtain for α s (M 2 Z ) the following expressions:
1. When we switch off the twist-four corrections, and put the cut Q 2 > 10 GeV 2 , we have got at χ 2 /DOF = 0.98
or
2. When we add the twist-four corrections, and put the cut Q 2 > 1 GeV 2 , we have got at χ 2 /DOF = 0.97 
5
Results of fits of F 2 : the combined nonsinglet and singlet evolution
At this case, the quite low x experimental data lie at low Q 2 range and we choose Q 2 0 = 20 GeV 2 . We use also N max = 8. The study of the N max -dependence of the results in the combine nonsinglet and singlet case of evolution has been found in [19] . Note here only that the analysis in [19] shows the N max -independence of the obtained results starting already with N max = 7.
BCDMS C
As in the previous Section, we start our analyses with the experimental data [7, 8, 9] obtained by BCDMS muon scattering experiment. The full set of data is 762 points. The starting point of QCD evolution is Q 2 0 = 20 GeV 2 .
As in the nonsinglet evolution case we have studied influence of the experimental systematic errors on the results of the QCD analysis as a function of Y cut3 , Y cut4 and Y cut5 applied to the data. Here we use also several sets N of the values for the cuts at 0.5 < x ≤ 0.8, which are given in the Table 10 .
The absolute differences between the values of α s for the distorted and undistorted sets of data are given in Table 11 set of F 2 are also given in the Table 11 and the Fig. 3 . As in the nonsinglet case the last error (±0.0011 to α s (M 2 Z )) comes from difference in fits with free and fixed normalizations of BCDMS data [7, 8, 9] having different values of energy.
So, for the fits of BCDMS data [7, 8, 9 ] based on complete singlet and nonsinglet evolution with minimization of systematic errors, we have the following results (total experimental error is squared root of sum of squares of statistical error, systematic one and error of normalization): 
where the errors connected with the type of normalization of data are included already to systematic error.
SLAC and NMC H 2 + D 2 data and BFP F e data
We continue our analyses with experimental data [4, 5, 6, 10] 12 and the Fig. 8 ) . We note that the statistical and systematic errors are combined in quadratures. Thus, we see that χ 2 (slope)/DOF decreases in 38 times when the 1/Q 2 corrections has been taken into account. We would like to compare the results in the Table 12 with the results of the analyses of the data when an additional W 2 -cut is taken into account. The inclusion of the W 2 -cut is very popular (see [74] and references therein) and we fit considering data with variation of the W 2 -cut (and with the standard cut Q 2 > 1 GeV 2 ). The results of the fits (without twist-four correction) are presented in the Table 13 (the systematic errors of the data are included in the fits). (61)- (63) and (64)). Thus, as in the case of nonsinglet evolution we have possibility to fit togather all the data. It is the subject of the following subsection.
SLAC, BCDMS, NMC and BFP data
Here we start to analyze the maximal number of experimental points which have been produced in considered experiments. The full set of data is 1309 points.
5.3.1. The study of Q 2 range, where 1/Q 2 corrections are important.
Here we would like to repeat our analysis given in Subsection 4.3 . Firstly we fit the data without a contribution of twist-four terms. We use the cut Q 2 ≥ Q 2 cut and increase the value Q 2 cut step by step. Later we do fits including the twist-four corrections and the cut Q 2 ≥ 1 GeV 2 .
As it was in nonsinglet case, we observe very good agreement for first type of the fits starting with Q 2 cut ≥ 15 GeV 2 (see the Table 14 and the Fig. 9 ). For the second type of fits the agreement is good already at Q 2 ≥ 1 GeV 2 . The both types of the fits give very similar results. Moreover, the results are very close to ones obtained earlier in the nonsinglet case (see the Tables 3 and 6 ). We obtain the following results:
• When twist-four corrections are not included and the cut of Q 2 is 15 GeV . Later, we add the cut Q 2 ≥ 15 GeV 2 . As it is possible to see in the Figs. 10 and 11, we have the bad fit (χ 2 (slope)/DOF ≈ 7.78) in the case without a Q 2 cut. The agreement with the data is strongly better when this Q 2 cut has been added: χ 2 (slope)/DOF ≈ 1.26 in the case. As in the previous subsection the incorporation of twist-four corrections leads also to very good fit of the data (without a Q 2 cut): χ 2 (slope)/DOF ≈ 1.09 (see the Fig. 12 ) . These results demonstrate the importance of twist-four corrections at nonlarge Q 2 values. Thus, as it follows from the fits of experimental data based on combine singlet and nonsinglet evolution, perturbative QCD works well at Q 2 ≥ 15 GeV 2 .
5.3.2.
The study of threshold effects. 
The white points correspond to the theoretical predictions based on perturbative QCD (with target mass corrections taken into account) and combine singlet and nonsinglet evolution. The black points show SLAC, BCDMS, NMC and BFP experimental data without a Q 2 cut.
Here we continue our study of threshold effects in Q 2 -evolution of SF F 2 . Note that at LO level and NLO one in the singlet case of evolution the coefficient functions of F 2 and anomalous dimensions depend on the number n f of active quarks.
By analogy with the NS case of evolution (see subsection 4.3.2), to study the threshold effects we consider two types of possible thresholds of heavy quarks:
First type of thresholds has appeared when a heavy quark with the mass m f takes a possibility to be born (in the framework of photon-gluon fusion process, for example). The second one lies close to the position of "Euclidean-reflected" threshold of heavy quarks. It should play a significant role (see [55] ) in the α s (Q 2 )-evolution.
A.
Let thresholds appear at Q The results are shown in Table 15 . The average α s (M 2 Z ) value can be calculated and it has the following value:
B. Let thresholds appear at Q The results are shown in Table 16 . The average α s (M 2 Z ) value can be calculated and it has the following value:
The results are very surprising. From one side, all variables: the coefficient functions of F 2 and anomalous dimensions, depend on the number n f of active quarks. However, we do not find Thus, the theoretical uncertainties due to threshold effects can be estimated in the case of combine singlet and nonsinglet evolution for α s (M 2 Z ) as 0.0001.
The values of fitted parameters.
We have got the following values for parameters in parameterizations of parton distributions (at Q 
For the coefficients a u (20) and a d (20) we find good agreement between their values and the double-logarithmic estimations in Refs. [75, 76] , based on [77] . We would like to note that the estimations in Ref. [75] have been given in other set of parameters that changes effectively only 20 Here and in the following subsection we give the results for the coefficient P G (Q [75] . The values of a u (20) and a d (20) are supported also by recent fits (see discussions in Ref. [27] ).
The value b u (20) is in agreement with Eqs. (48) and (52) and with other fits [12, 13, 26, 27] , that supports its slow Q 2 -dependence (see [73, 42] ). The value of b d (20) is higher than b u (20) that is supported by other fits (see, for example, [12, 13] ) and references therein) and by quarkcounting rules [72] . The values of b G (20) and b S (20) are very high, that is in agreement with BCDMS analyses [7, 8, 9] and demonstrates difficulties to study the large-x asymptotics of sea quark and gluon distributions in analyses of inclusive deep-inelastic data 22 . The value of P G (20) shows that at Q (69) demonstrate the shapes of nuclear effects which are represented in Fig 3, where we see a resonable agreement of our curves with the experimental data from Refs [57, 60] .
The values of twist-four terms are given in the Table 17 . To obtain the values we used the approximate equality of twist-four terms for H 2 and D 2 targets that has been obtained in our studies in the previous Section (see the Tables 5 and 7 ). This is also in agreement with the Ref. [14] . The values of twist-four terms are represented also in Fig. 14 .
We would like to note (see the Table 17 and Fig. 14) about a quite strong rise of twistfour terms at lower x-bins. The necessity of large magnitude of twist-four corrections at the low x values it is possible to observe also in the Figs. 6, 7 and 10, where there is a quite strong difference between experimental data and theoretical predictions (based on perturbative QCD) for the slope d(ln F 2 )/d(ln Q 2 ). The rise is in good agreement with theoretical predictions [84] and with the recent analyses of H1 and ZEUS data at low values of x and Q 2 (see [33] ). Table 17 . The values of the twist-four terms. As we have already discussed in Section 2, we would like to try to study the parameters of the sea quark and gluon distributions when the terms ∼ x a S (Q 2 0 ) and ∼ x a G (Q 2 0 ) were incorporated. These terms take into account a possible rise of the sea quark and gluon distributions at low x values. As it has been already noted in Section 2, from DGLAP-like analyses [80, 47, 48] , the parameters a S and a G should be the same, because they are mixed together into the "+"-component of the Q 2 -evolution (see [47] ). Moreover, the parameter ω = −a S = −a G should be Q 2 -independent (see, for example, [80, 48] ), if it is not small, i.e. x −ω >> Const at small x.
In the fit with free nonzero ω value we have got the following values for parameters in parameterizations of parton distributions (at Q The values of the parameters of the nuclei effect ratio are not changed within considered errors. The similarity of the results for the nuclei effect ratio is shown in the Fig. 13 .
The value of ω is equal to 0.18, that is in perfect agreement with the recent studies based on BFKL dynamics [85] when NLO corrections [86, 87] were taken into account (see, for example, studies [88] , a review [89] and references therein). Moreover, this value is in good agreement also with recent phenomenological studies (see a recent review in [90] ) of Pomeron intercept values and also with recent H1 and L3 data [43, 91] .
As it is possible to see in the Tables 17 and 18 and also in Fig. 14 , the effect of strong rise of twist-four magnitude at small x values observed in previous subsection is completely absent here 24 . So, the rise is replaced by the small x rise of twist-two gluon and sea quark distributions. This replacement seems due to a small number of experimental points at low x range and narrow range of Q 2 values there. The cancellation of twist-four corrections at low x is in good agreement with the recent studies [32, 92] . This demonstrates the fact that a strong rise of twist-four corrections coming from BFKL-like approaches [84] has negligible magnitude (see [92, 33] ). Table 18 . The values of the twist-four terms. 
i.e. it is in good agreement within statistical errors with fits performed earlier but the middle value is slightly higher.
The results of analyses with combine singlet and nonsinglet evolution
Thus, using singlet analyses of the SLAC, NMC, BCDMS and BFP experimental data for SF F 2 we obtain for α s (M 
The dependence on factorization and renormalization scales
In the section we study the dependence of our results on the different choice of the factorization scale µ F and the renormalization one µ R . Following the studies [14, 36] we choose three following values (1/2, 1, 2) for the coefficients k F and k R .
Nonsinglet evolution case
The results are given in the Table 19 . We do fits here without higher-twist corrections (no HTC), with the number of points 596, at Q 2 > 10.5 GeV 2 and for free normalization of different sets of data. The change of the value of coupling constant α s (M 2 Z ) at some k F and k R values is denoted by the difference: We find similar variation of α s (M 2 Z ) with the variations of k F and k R : α s (M 2 Z ) increases (falls) with increasing (decreasing) of values of k F and/or k R . So, the dependence is quite similar to one which has been obtained in [39, 26, 27] by the variation of k-scale from 1/4 to 4 (k ≡ k F = k R in [39, 26, 27] ).
Taking maximal and minimal values (that corresponds to k R = k F = 1/2 and 2, respectively) of coupling constant we obtain the theoretical uncertainties +0.0050 and −0.0034 for α s (M 2 Z ). In the case when the replacement (22) has been used also in NLO corrections to the coefficient functions (i.e. when the Eq. (22) 
where the symbol theor marks the theoretical uncertainties which contain the sum of the scale uncertainties, threshold error (±0.0002) and the method error (±0.0002) in quadratures.
Combine singlet and nonsinglet evolution
The results are given in the Table 20 . We do fits with higher-twist corrections, with the number of points 1309, at Q 2 > 1 GeV 2 and for free normalization of different sets of data. We find that variations of α s (M 2 Z ) with the variations of k F and k R are very similar to ones which have been obtained in previous subsection. However, there is a quite big difference in the cases k R = 2, k F = 1/2 and k R = 1/2, k F = 2 between results in the Table 20 in brackets and without ones. The difference seems to come from the correlations between the values of higher-order contributions (that is mimicked by scale dependences) and twist-four corrections, i.e. so-called duality effect (see [27] and references therein).
As in the case of nonsinglet evolution, the dependence of α s (M 2 Z ) with the variations of k F and k R is quite similar to one which have been obtained in [39] by the variation of k R -scale from 1/4 to 4.
Taking maximal and minimal values (that corresponds to k R = k F = 1/2 and 2, respectively) of coupling constant we obtain the theoretical errors +0.0050 and −0.0057 for α s (M 2 Z ). In the case when the replacement (22) has been used also in NLO corrections to the coefficient functions (i.e. when the Eq. (22) Thus, using these analyses of the SLAC, NMC, BCDMS and BFP experimental data for SF F 2 we obtain for
where the theoretical uncertainties contain the scale ones (see above), the ones due to threshold effects (±0.0001) and the method error (±0.0002) in quadratures.
In conclusion of the Section we would like to note that the theoretical uncertainties in both types of analyses (based on nonsinglet evolution and on combined singlet and nonsinglet one) are essentially larger than the corresponding total experimental errors.
Indeed, the total experimental errors are as follows: in the analyses with the nonsinglet evolution:
(total experimental error) = (stat) + (syst) + (norm) = 0.0038 (total linear experimental error) (stat) 2 + (syst) 2 + (norm) 2 = 0.0023 (total quadratic experimental error) (77) in the analyses with the combined singlet and nonsinglet evolution:
(total experimental error) = 0.0033 (total linear experimental error) 0.0023 (total quadratic experimental error),
i.e. they are less by factor 1.5 ÷ 2 to compare with corresponding theoretical uncertainties.
As it has been shown in [39, 40, 26, 27] , the theoretical uncertainties decrease essentially (by a factor around 2.5), when NNLO corrections have been taken into account. So, the fits of combined data show real necessity in analyses of DIS data at NNLO approximation.
Summary
As a conclusion, we would like to stress again, that using the Jacobi polynomial expansion method, developed in [17, 18, 19] , we have studied the Q 2 -evolution of DIS structure function F 2 fitting all modern experimental data existing at values of Bjorken variable x: x ≥ 10 −2 .
1. From the fits we have obtained the value of the normalization α s (M 
from fits, based on combined singlet and nonsinglet evolution: α s (M 2 Z ) = 0.1180 ± 0.0013 (stat) ± 0.0021 (syst) ± 0.0009 (norm),
When we have added twist-four corrections, we have very good agreement between QCD (i.e. first two coefficients of Wilson expansion) and data starting already with Q 2 = 1 GeV 2 , where the Wilson expansion should begin to be applicable. The results for α s (M 2 Z ) coincide for the both types of analyses: ones, based on nonsinglet evolution, and ones, based on combined singlet and nonsinglet evolution. They have the following form: from fits, based on nonsinglet evolution: α s (M 
from fits, based on combined singlet and nonsinglet evolution: α s (M 2 Z ) = 0.1177 ± 0.0007 (stat) ± 0.0021 (syst) ± 0.0009 (norm),
Thus, there is very good agreement (see Eqs. (79), (80), (81) and (81)) between results based on pure perturbative QCD at quite large Q 2 values (i.e. at Q 2 ≥ 10 ÷ 15 GeV 2 ) and the results based on first two twist terms of Wilson expansion (at Q 2 ≥ 1 GeV 2 , where the Wilson expansion should be applicable).
We would like to note that we have good agreement also with the analysis [69] of combined H1 and BCDMS data, which has been given by H1 Collaboration very recently. The shapes of twist-four corrections are very similar to ones from [14, 93] . Our results for α s (M 2 Z ) are in good agreement also with the average value for coupling constant, presented in the recent studies (see [26, 39, 40, 65, 74, 94, 95] and references therein) and in famous Bethke review [96] .
2.
As the second item of our summary we would like to note about the real importance of NNLO corrections in analyses of DIS experimental data. The incorporation of the NNLO corrections have been started already several years ago in various ways (see Introduction for discussions).
The results are based on the studies of the effect of high order corrections, which can be estimated from the dependence of our results on factorization scale µ F and renormalization one µ R . As it has been point out already in the previous Section the value of the theoretical uncertainties 25 , coming from this dependence of the results for α s (M 2 Z ) (given by Eqs. (74) and (76) for two types of Q 2 -evolution), are equal to 25 As it has been already shown the scale choices µ F = µ R = 2Q 2 and µ F = µ R = Q 2 /2 give the maximal and minimal values of α s (M 2 Z ) (at the various choices of values k F = 1/2, k F = 2, k R = 1/2 and k R = 2 separately) and, thus, give the basical part of theoretical error. The additional theoretical uncertainties due to our method error and choice of threshold points are negligible. Thus, the theoretical uncertainties are higher essentially than the total experimental error (78) . Similar values of the theoretical error can be found in recent analyses of DIS process (see [39, 40, 26] ) and of e + e − -process in [94, 95] . As it has been studied recently by van Neerven and Vogt [39, 40] , the value of theoretical error decreases strongly (by a factor around 2.5) when the NNLO corrections have been taken into account. Thus, our fits of combined data performed here and also other analyses [94, 95] show real necessity to include the NNLO corrections to the study of DIS experimental data.
As it has been noted in Introduction, using partial information about NNLO QCD corrections several fits of experimental data have been performed (see [22] - [27] , [39, 40, 65, 97] and references therein). In order to do the analyses of experimental data in full range of x values, it is necessary to know exactly all NNLO QCD corrections. At present three-loop corrections to anomalous dimensions of Wilson operators are still unknown. These calculations, which are known only for several finite number of fixed Mellin moments [98] , will be performed [99] in nearest future by using modern approaches (see [37, 100, 99] ) to evaluate complicated Feynman diagrams.
3. At the end of our paper we would like to discuss the contributions of higher twist corrections.
In our study here we have reproduced well-known x-shape of the twist-four corrections at the large and intermediate values of Bjorken variable x (see, for example, the Tables 5, 7 and 17 and also, for example, the results of very popular article [14] ).
We would like to note about a small-x rise of the magnitude of twist-four corrections, when we use flat parton distributions at x → 0. The rise is in full agreement with the theoretical predictions [84] . As we have discussed already in the Section 5, there is a strong correlation between the small-x behavior of twist-four corrections and the type of the corresponding asymptotics of the leading-twist parton distributions. The possibility to have a singular type of the asymptotics leads (in our fits) to the appearance of the rise of sea quark and gluon distributions as ∼ x −0.18 at low x values. At this case the rise of the magnitude of twist-four corrections is completely canceled. This cancellation is in full agreement with theoretical and phenomenological studies and low x experimental data of H1 and L3 Collaborations (see discussions in subsection 5.3.4).
We would like also to give a few words concerning the IRR-model predictions for the twistfour and twist-six corrections.
In our previous study [21] based on the IRR-model predictions for higher twist corrections, we have found a strong correlations between these corrections and the value of coupling constant. The α s (M 2 Z ) value tends to be very small: α s (M 2 Z ) = 0.103 ± 0.002 (stat). This study has been supported by fits of DELPHI Collaboration (see [101] ) and by some other analyses [95] . There is, however, a disagreement with the results of the paper [102] , where the twist-four corrections in the framework of the IRR-model do not lead to decrease the α s (M 2 Z ) value. In our opinion, the situation is not so clear here and it needs more investigations. We hope to return to this problem in our future studies.
